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A mass-exchange network (MEN) synthesis problem is considered with streams whose
target compositions are allowed to vary between upper and lower bounds. The design
task is to determine the minimum mass separating agent (utility) cost needed for the
transfer of a single component from the rich to the lean streams. The mathematical
formulation of this synthesis problem leads to a mixed integer nonlinear program. In
this work, we propose a novel formulation of the problem that leads to a linear pro-
gram. Stream decomposition is employed in attaining this novel linear programming
formulation and rigorous proofs are presented which establish that the two formulations
have the same solution. The linear programming formulation reduces the complexity of
the considered MEN synthesis problem, thus making feasible its solution even for large-
scale problems. Two examples, illustrating the procedure, are presented. Both demon-
strate that significant utility cost savings can be achieved over the fixed composition

MEN synthesis problem.

introduction

Mass exchange includes the unit operations of absorption,
adsorption, liquid-liquid extraction, desorption, and strip-
ping. The operating utilities for these operations are mass
separating agents (MSA) such as adsorbents, ion-exchange
resins, or solvents, just as steam and cooling water are some
of the operating utilities for heat exchange. The design of
these separation systems involves choosing the appropriate
MSAs and determining their optimal flow rates to achieve
the specified recovery of the key component.

Separation system synthesis has been pursued through a
variety of approaches, some of which include those of Rudd
et al. (1973), Lu and Motard (1985), and Lo et al. (1983).
More recently, the area of mass-exchange network (MEN)
synthesis has been a hot bed of research activity in separation
synthesis. MEN synthesis was introduced (Ei-Halwagi and
Manousiouthakis, 1989) in analogy to heat-exchange network
synthesis to provide a rigorous tool for the synthesis and eval-
uation of mass-exchanger based separation networks that can
achieve specified targets at minimum cost. Isothermal MEN
synthesis problems involving a single transferable component
(El-Halwagi and Manousiouthakis, 1989) simultaneous syn-
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thesis of an MEN and its regeneration network (El-Halwagi
and Manousiouthakis, 1990b), stream-dependent multiple
equilibria (El-Halwagi and Manousiouthakis, 1990a), variable
targets (Gupta and Manousiouthakis, 1993), chemical absorp-
tion (El-Halwagi and Srinivas, 1992), nonlinear equilibria
(Gupta and Manousiouthakis, 1993; Srinivas and El-Halwagi,
1994), and multiple component targets (Gupta and
Manousiouthakis, 1994) have now been solved. Distillation
has also been shown to be representable as an interactive
HEN/MEN network through the novel “state-space” ap-
proach to process synthesis (Bagajewicz and Manousiouthakis,
1992).

With MEN synthesis, a systematic tool has been made
available to evaluate separation technologies and design recy-
cling networks for hazardous waste minimization. Waste min-
imization involves the removal and reuse of waste compo-
nents from chemical plant effiuents prior to their disposal.
In-plant reuse of toxic substances reduces the total harmful
effluents of a plant and generates recyclable streams, thereby
reducing the operating cost of process plants (Hunt and
Schecter, 1989). MEN synthesis applications to waste mini-
mization have been investigated for waste streams with multi-
component targets (Gupta and Manousiouthakis, 1994), for
solvent recovery networks employing the state-space ap-
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proach (Bagajewicz and Manousiouthakis, 1992), and for de-
phenolization in a petroleum refinery (El-Halwagi et al.,
1992). Wang and Smith (1994) proposed the solution of an
MEN-like synthesis problem for wastewater minimization
where the only lean utility is water. Their problem formula-
tion avoids the explicit use of the “rich composite curve” by
employing the notion of “a limiting water profile” that ac-
counts for both rich stream and driving force information.

The classical MEN synthesis minimum utility cost problem
is as follows:

“Given a set of rich streams, R= {R}i=1,..., Ng}, with
known flow rates, inlet and outlet compositions for a single
component and a set of lean streams and utilities, S = {S{/
=1,..., Ng}, with known costs, inlet and target compositions
for the same component; determine the minimum utility cost
for the separation.”

Implicit in the above problem statement is the assumption
that there are no temperature changes within the MEN.
Finding the minimum utility consumption for this fixed target
MEN synthesis task is formulated as a linear program (LP)
(El-Halwagi and Manousiouthakis, 1990a) in a manner simi-
lar to the LP minimum utility cost formulation for fixed tar-
get HEN synthesis (Papoulias and Grossmann, 1983). The
minimum utility cost problem becomes a mixed integer non-
linear program {MINLP) for mass-exchange networks that in-
clude regeneration (El-Halwagi and Manousiouthakis, 1990b).
The MEN framework rigorously incorporates thermodynamic
constraints and can be used for the selection of the mass sep-
aration utilities and the calculation of their minimum cost.
Once the minimum utility cost is determined, without any
prior commitment to the network structure, a network realiz-
ing this operating cost is synthesized.

In an earlier article (Gupta and Manousiouthakis, 1993),
we generalized the separation task to tackle real situations
where supply and target compositions of the rich and lean
streams are allowed to vary within upper and lower bounds.
In that work, the advantages of having variable stream com-
positions at the design stage were demonstrated. The mathe-
matical formulation of this MEN synthesis problem led to a
mixed integer nonlinear program (MINLP). This program was
shown to possess certain properties which, in turn, were em-
ployed to develop a solution procedure. This procedure was
guaranteed to converge to the global optimum.

In the next section, we outline the conceptual variable tar-
get MEN synthesis problem, and briefly summarize the as-
sumptions and thermodynamic background required for the
problem formulation. In the following section, two mathe-
matical representations for this problem are presented, one
that is an MINLP, and the other that is an LP. These two
problems are shown to be equivalent through a theorem in
the next section. Finally, two waste minimization case studies
are solved to illustrate the savings obtainable through vari-
able target MEN synthesis, and to demonstrate the use of the
LP formulation for obtaining this solution.

Preliminaries

In many MEN synthesis case studies, such as those in waste
minimization, the inlet and outlet compositions of the lean or
rich streams are specified only in terms of a maximum or
minimum allowable composition. For instance, if the lean
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streams are process streams, then downstream process re-
quirements may impose upper and lower bounds on the out-
let compositions of these lean streams. Then, the problem
specification is that the exit (inlet) composition of a lean
stream should lie within a given range of compositions. Simi-
larly, upstream processes in the chemical plant may lead to
streams whose supply compositions may also lie within a range
of compositions. For these practical situations, the problem
formulation should incorporate the bounds on the stream
compositions as constraints, letting the actual inlet or outlet
composition be variable. Examples include phenol recovery
from lube oil refinery wastewaters in Lewis and Martin (1967),
or acrolein reduction in the effluents of a petrochemical plant.

Considering variable targets on stream outlet compositions
is not only more realistic, but can also lead to savings in the
utility cost. For example, if there are multiple lean streams in
the MEN, each with a different cost, and a cheap lean stream
has a fixed target composition that renders it infeasible, then
the obtained network may not have the minimum possible
cost since this stream was not used. By allowing the outlet
composition of this cheap lean stream to vary, one may make
it feasible, thus decreasing the duty on the more expensive
lean stream(s). This will lower their flow rate, and a lower
total utility cost will be achieved.

Another advantage of variable targeting is that in some in-
stances, the rich streams can be cleaned more than a fixed
target specification at no additional cost. Consider a rich
stream with a fixed exit composition above the actual exit
composition of a lean stream (on a CID-scale). If the target
composition of the lean stream is below its upper bound, the
rich stream target composition can be lowered. As a result,
the rich load in the upper intervals of the lean stream in-
creases, which can be balanced by raising the outlet composi-

tion of the lean stream, without increasing its flow rate. In
effect, key component recovery is enhanced without any
change in the utility cost of the network. This may lead to
savings in the downstream processing costs of the rich stream.

This so-called variable target mass-exchange synthesis
problem, shown in Figure 1, can be stated as:

“Given a set of rich streams, R = {R;i=1,..., Ng}, with
known flow rates, inlet compositions and upper and lower
bounds on target compositions for a single component, and a
set of lean streams and utilities, § = {S;lj=1,..., Ng}, with
their known costs, inlet compositions and upper and lower
bounds on target compositions for the same component; de-
termine the minimum utility cost for the separation.”

For each element of the set R or § the inlet composition,
and upper and lower bounds on the outlet composition are
known. For elements of the set R, the flow rates are known,
while for elements of the set S, only upper bounds on the
flow rates may be imposed.

In this work, only this so-called variable target problem is
considered. Indeed, when supply compositions are also al-
lowed to vary, Gupta and Manousiouthakis (1993) have
proved the following property:

Property 1. 'When the inlet compositions of the rich and
lean streams are allowed to vary between upper and lower
bounds, the minimum utility cost solution of the variable sup-
ply and target problem will always feature all the variable
supply compositions at their lower bounds.
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Figure 1. Variable target MEN synthesis problem.

This property implies that the minimum utility (MSA) cost
problem with variable supply and target compositions is
equivalent to a problem with only variable target composi-
tions and all the stream supply compositions are fixed at their
lower bounds.

Besides the specifications of the rich and lean streams
themselves, thermodynamic relations that govern the mass
transfer between these streams are also required for the syn-
thesis of an MEN. Any mass-transfer operation is considered
to be feasible if it satisfies the law of conservation of mass
and the second law of thermodynamics. The law of conserva-
tion of mass states that the mass gained by the lean streams
must equal the mass lost by the rich streams. This law should
hold for both the total mass and the mass of every species in
the streams. This law, in analogy with the first law of thermo-
dynamics (the law of conservation of energy), will be referred
to as the first law hereafter.

The second law of thermodynamics {(Reid, 1960, p. 20)
states that:

“There exists an intensive property, T, (which is always
positive) and an additive-extensive property, S, such that dQ
= TdS for reversible processes, and dQ < TdS for irreversible
processes.”

Here, T is the process temperature, S is the entropy, and
Q is the heat input to the system. Consider now a closed
system consisting of two phases, denoted as « and B, in ther-
mal equilibrium at temperature T. Let a small molar amount
of species I, dn;, spontaneously transfer from « to B. For
this system, the change in internal energy, U, due to the
transfer of i is given by (Reid, 1960, p. 149)

dU =TdS + dW —(pu¢ — nf)dn;
= (u* = uf)dn,=TdS — (dU - dw) =TdS —dQ, (1)
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where W is the work output from the system, u{* is the chem-
ical potential (also known as the partial molar Gibbs free en-
ergy) of species i in phase a, and pf is similarly the chemi-
cal potential of species i in phase (. The aforementioned
second law of thermodynamics then implies that the right-
hand side of Eq. 1 is nonnegative. Therefore, mass transfer
of i from « to B can occur if u{ is greater than or equal to
wf. Mathematically: u? > p2. Thus the difference between
the chemical potential of the two phases, u® and /2 can be
considered as the driving force for mass transfer.

The chemical potential u? (or u/) depends in general on
the temperature, pressure, and composition of all species in
the phase a (or 8). However, under certain circumstances,
this dependence can be simplified to the point that u?* (or
12) depends only on the composition of species i in phase a
(or B), y; (or x;). Then, the mathematical condition for mass
transfer can be stated as uf(y,) = pP(x,). Mathematical ma-
nipulations can then transform this condition to the form y;
> f(x,) or equivalently f~'(y)= x,, if f(e) is a monotonic
function. Let us now illustrate this transformation for two
ideal phases that are at the same temperature T and pres-
sure P, and in contact with each other.

Let o be an ideal gas at pressure P, where the partial
pressure of species i is p; = y;,P = n;/n (Smith and Van Ness,
1987, p. 300). Also, the entropy of the gas can be calculated
from the relation dS/ = — RdIn P (Smith and Van Ness, 1987,
p. 171). Substituting in the Gibbs energy relation G* = H* ~
7§57, and employing the Gibbs theorem (Smith and Van Ness,
1987, p. 300), yields the following expression for u® (Smith
and Van Ness, 1987, p. 302)

ui=GF+RT ny,, )

where T is the temperature of the gas.

Now, let 8 be an ideal liquid solution. Then, the solution
properties are: VV# =Yx V¥, where V is the solution volume
and x; is the mole fraction of species i; $#=Xx;S; — RLx;
In x; and GB= HP ~ TSP Thus, xf is shown to be (Smith
and Van Ness, 1987, p. 302)

uP=GP+RTInx,, 3)

Mass transfer from the rich phase « to the lean phase B8
requires that the second law of thermodynamics be satisfied

wezpb.
Substituting Eqgs. 2 and 3, we obtain

Gf+RTIny,>GFP+RTInx,,

X
=Gf-GFf>RTIn—,

Vi

Since dGP =VPdP, and GF is assumed independent of P,
the lefthand side of the above relation is RT In (P/Pf),
where, the P/ is the saturation pressure of species i (Smith
and Van Ness, 1987, p. 304). Then, the above relation can be
stated as
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which is of the form x; < f~!(y,).

The aforementioned thermodynamic feasibility condition
for the transfer of component i, hereafter referred to as the
second law of thermodynamics, can be represented on a com-
position interval diagram (CID) by establishing an equiva-
lence between the rich and lean composition scales through
the equilibrium relation. Then, second law feasibility simply
states that a rich stream with composition y can transfer mass
to any lean stream with composition x < f~(y).

Let us now consider a countercurrent mass exchanger that
transfers the key component from a rich stream, with supply
composition y°, outlet composition y’ < y* and flow rate G,
to a lean stream, with supply composition x°, outlet composi-
tion x‘> x* and flow rate L. Let aiso x and y represent the
lean and rich key component compositions at an arbitrary
cross-section of the exchanger. If the two streams have con-
stant flow rates within the exchanger, then a mass balance
yields

yt — ys ysxs __ytxt
y=x‘—x’x+ x5 —x' ®)
L y'—y’
G x-x ©®)

Equation 5 represents the operating line, on a y-x diagram,
which has a slope equal to the ratio of the lean to the rich
flow rates, according to Eq. 6. This operating line should lie
above the y = f(x) equilibrium curve so that the second law
requirement y > f(x) is satisfied throughout the exchanger.
If f(x) is convex with respect to x, i.e., af(x*)+(1— a)f(x*)
> flax® +(1— a)x']for all « € [0, 1], then the straight op-
erating line remains above the equilibrium line if and only if
y*= f(x") and y* > f(x*), i.e., the end-point conditions of the
exchanger satisfy thermodynamic feasibility.

The above discussion suggests the usefulness of a CID. In
a CID, the supply compositions and the bounds on the target
compositions of rich and lean streams (x°, y* and x¥, x!, v,
y') are employed to establish intervals in the diagram. Figure
2 shows such a diagram for one rich and one lean stream that
together create three intervals numbered k£ — 1, k, and k + 1.
Auny rich stream with a supply composition y* can be matched
with a lean stream with a supply composition x°® < f~(y‘)
and a target composition x’ < f~!(y*). Since x°, x', y*, and
y* are edges of the intervals, the second law thermodynamic
requirement is automatically satisfied for the endpoint condi-
tions of these streams, since the outlet compositions of both
the rich and the lean stream are within the interval. There-
fore, according to the above discussion if the equilibrium re-
lation f~!(e) is convex, the second law is satisfied throughout
the match, and only first law requirements need be consid-
ered. An example of a convex equilibrium relation is the di-
lute solution Raoult’s law (Eq. 4) like relation that is em-
ployed in the examples presented in this article

y=mix+e)t+b Vj=1,.. Ng ¢))
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Figure 2. CID with one rich and one lean stream and
the three intervals created due to inlet com-
positions, and the ranges on their outlet com-
positions.
y¥=yl, and xi=x.

where € denotes the minimum allowable mass-transfer driv-
ing force in x composition units.

Note that sometimes the reverse notation is employed to
describe the equilibrium relation, i.e., y dehotes the key com-
ponent composition in the lean phase that is in equilibrium
(denoted as y = f(x)) with a key component composition x
in the rich phase. In this case, a rich phase model load avail-
able at composition x can be transferred to any lean phase
with composition y < f(x). Then, to guarantee feasibility
throughout the exchanger by ensuring feasibility only at the
end points, this equilibrium relationship is required to be
concave. Such notation is typically encountered in distilla-
tion, where the y = f(x) equilibrium curve is given in terms
of the most volatile component, thus, making the vapor phase
lean with its composition indicated by y (Bagajewicz and
Manousiouthakis, 1992). In this case, a typical concave equi-
librium relation would be the binary vapor-liquid equilibrium
with constant relative volatility «;

Q)

- 1+(a; ~1x;

y

Equilibrium relations that describe the transfer of the key
component from the rich to the lean stream, and are noncon-
vex, can also be accommodated within this framework in a
number of ways (Gupta and Manousiouthakis, 1993; Srinivas
and El-Halwagi, 1994).

The variable target MEN synthesis problem also features a
number of other well-known properties (Grimes, 1980; Cerda
et al,, 1983; El-Halwagi and Manousiouthakis, 1990b; Gupta
and Manousiouthakis, 1993).

Property 2. At the minimum utility cost solution, there is
no mass transferred across the pinch point, if one exists.
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The pinch can occur only at the corner points {(stream inlet
and outlet compositions) in the common composition range
of the composite curves. The following property determines
which of all the corner points of the streams, can be pinch
points:

Property 3. Only the inlets of the rich or lean streams in
the common composition range of the y- and x-scales, are
pinch point candidates.

Employing the above conceptual problem definition, ther-
modynamic information and the CID, and pinch properties,
the mathematical problem formulation of the variable target
MEN synthesis problem can be carried out, as shown next.

Mathematical Problem Formulation
MINLP formulation

An MINLP formulation of the variable target is developed
in Gupta and Manousiouthakis (1993). That formulation
quantifies the aggregate rich and lean loads below the pinch
point candidates (stream inlet compositions) to determine the
thermodynamic feasibility constraints for a given problem.
The formulation proposed below alternatively quantifies the
rich and lean loads within every interval of the CID to check
for thermodynamic feasibility. The problem properties proven
in Gupta and Manousiouthakis (1993) are valid for this
MINLP formulation as well, and the same solution technique
as before can also be employed. Nevertheless, this will not be
necessary since the primary function of this proposed MINLP
is to serve as a stepping stone to the LP based formulation of
the variable target problem.

The employed symbol convention is as follows: for each
element R; of the set R we are given the flow rate G;, the
inlet concentration y; and upper and lower bounds on the
outlet composition y* and y/, respectively. Similarly, for S;
we are given its cost coefficient c;, the inlet composition xj,
and the upper and lower bounds on the outlet composition
x; and xj, respectively. The lean stream flows L; and the
actual lean and rich stream outlet compositions x; and y;,
respectively, are to be determined.

Consider a simple CID as in Figure 2 with intervals corre-
sponding to y/, ¥/, xj, x}, andx]’-. The streams shown have
y¥=y/ and x;=x], though in the general case this will not
be true, and the CID may have two additional intervals. Let
such a problem have a total of N, intervals that are num-
bered from the top to the bottom of the CID.

The position of the ith rich streams with respect to the
upper edge of the kth composition interval, y*, is located
through binary variables defined as

v 2 Lif yf < y* .
MOV oif =yt k=1,...,Np, +1,

s

Lif yS < y* .
0if yS=y* k=1,...,Np +1,

and the position of the jth lean stream relatlve to the upper
edge of the kth composition interval, x , is located through
analogous binary variables
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Lif xf<xf j=1,...,Ng

Nk = .
0if x{2xf k=1,...,Ny +1,
A 1ifx;<x;-‘ J=1,...,Ng
ik =\
! 0if xf2xf k=1,..., Ny +1,

Since the supply compositions y; and x; are known for every
stream, the associated binaries A], and 7 are known. Fur-
thermore, it also holds that xj ij and % >xl"“‘1 hence,
"I, > TI,k 27/, . Similarly, y;>y! and y¥ > yf*?, hence,
A ik 2 /\l,k 12 /\l,k

The minimum utility cost problem formulation for MEN
synthesis requires that a first law component balance around
each interval be satisfied. The general expression for deter-
mining the load of any lean stream in the kth interval is

1) = (3= 5]
®)

Lilng(xf = xf ") +mfu(x -

Indeed, as illustrated in Figure 3, there are only seven possi-
ble positions of the supply and target compositions relative to
the kth interval (since 77, > 7/, =/, ). For each of these
seven cases, it is established below that the above expression
(Eq. 8) exactly quantifies the lean stream load in the kth in-
terval:

M (xf<x )= (=1, nlkr =1, 7 = 1) = ®) = 0.
@ ( i k“) (nj!,kzl’ "7jt,k+1=0a Ujik=1)=‘(8)=0
G) (xf>x>xf )= (=1, s =0, nfx =1)

=(8) =1L, (x —x]k“)

T k
kvl bbb ___
xj ﬁ 4

|

|

k42 e

Figure 3. CID showing possible locations of the supply
and target compositions of stream §;, x;' and
x,, with respect to the top edge of the kth in-
terval, x,

Solid line indicates the section of the stream that is defi-
nitely present; the dashed section may or may not be
present.
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The composition x; is by definition of the CID the same as
one of the x}” compositions, and hence, cannot be between
xf and xf*1If x; = xf, for any k, x; is replaced by x*.

@ (xj=xf, x;=x})= (0 =0, n{x 1 =0, 13, = 0)
=(8)=0.
5) (x—x x#x)

Since x; is the same as one of the x* composmons, x§# X}

=>x/ < x¥*!. Hence, (x} —kx],x #x‘)=>(n,k 0, 1= 0,
=D=>®)=Lxf—xf*).

®) (x >x » Xj 2 X; ) (T)jt,k=oa 77,’,k+1=0’ 77js,k=0)

=(8)=0.

@) (x >x X <xk“)

5 (njt,k =0, 7];,k+1 =0, njs,k = 1)

=(8)= L(x —xk“)

The total lean load in the kth interval is obtained by sum-
ming expression 8 over all the lean streams that may exist
within interval k. The total rich load in the kth interval is
represented by an expression analogous to that for the total
lean load in this interval, and is equal to

Ng
Z Gi[Af,k(ka
i=1

Y= A =¥+ X 0 = DL

)]

Using the above expressions 8 and 9 for the total lean and
rich loads in each interval, one can develop a mathematical
representation of the first and second laws of thermodynam-
ics, and subsequently a formulation of the variable target
minimum utility cost mass-exchange network synthesis prob-
lem

Ng
minp= ) ¢L (10
i=1
s.t.
Ng
St X Gl (P =y = A (v = ¥5)

i=1
Ny
+ A (=YD= X Lyl Gf = xf Y
i=1

xfTH]-
k=1,...,N,, 11

k -
+ O] — X)) — i O — 851=0,

QA —DO*—yD20,i=1,...,Ng, k=1,..., Nyp +1 (12)
(217;’k—1)(x;‘—x})zO,j=l,...,Ns, k=1,... N, +1(13)
XX, —D=0,i=1,...,Ng, k=1,..., Ny, +1 (14)

Tb{k(mﬁk-1)=0,j=1,...,NS,k=1,... N, +1715)
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yezytzyli=1,..., N, (16)
Li<L<LYj=1,..N;, (17)
xj<xj<xfy=1,.,Ns, (18)
8,0, k=2,...,Ny, 19
8,=8y_.1=0. (20)

This problem is a mixed integer nonlinear program (MINLP),
as several terms, such as G;A,(y**'—y*) in Eqs. 11, in-
volve the products of two or more variables, some of which
are integers. The optimization vector for the problem is 7 £
[Yv A11 A N+ 107 )’;VR’ A?VR,l A;JR,NmHv Xi, Mg
TNt 1 L1 XN M1 " g N+ 10 Ly 8178y, 15 1)

In the above formulation, Eqs. 11 represent the total mass
exchanged within the kth interval. The first term, &, in each
of these N, equations is the residual mass load delivered to
the kth interval from the intervals above it, the next term is
the total rich load in this interval, followed by the total lean
load in the interval, and the residual mass load forwarded to
the (k 4+ Dth interval below §,, ;. Inequalities 12 and 13 and
Eqgs. 14 and 15 stem from the definition of the binary vari-
ables Aj; and 7)/,. Inequalities 16-18 define bounds on the
flow and composition variables. These bounds are set by ex-
ternal resource limitations (such as the lean stream availabil-
ity). Inequalities 19 state the second law of thermodynamics
by requiring that the residual mass 8,,, from the kth inter-
val can only be transferred to the interval below it. Equation
20 states that there is neither mass load entering the CID
above interval 1, nor any mass leaving the CID from the last
interval. The total mass balance would thus be satisfied.

In Gupta and Manousiouthakis (1993), we had presented
an algorithm to determine the global optimum of a similar
MINLP. First, the mixed integer nonlinear constraints were
transformed into nonlinear constraints, thus converting the
MINLP into a NLP with polynomial constraints. Several
properties were then developed that helped restrict the search
space for the optimum solution. Finally, an algorithm to de-
termine the global optimum of such an NLP was presented.
The same algorithm can be used to solve the MINLP pro-
posed here. However, for problems with several rich and lean
streams, both MINLP formulations require large computa-
tional times for global solution.

An alternative LP formulation for the variable target MEN
synthesis problem is proposed below. The advantage of this
formulation is that solution of even a large LP requires little
computational effort.

LP formulation

Let us consider the same CID as the one employed earlier,
with a total of N, intervals, counted from the top to the
bottom of the CID. Using this CID, we propose a fixed target
MEN synthesis problem, with special characteristics, that is
shown to be equivalent to the variable target MEN synthesis
problem.

First, binary variables associated with the upper bounds on
the target compositions of the rich and lean streams, x}' or
y;', are defined as follows
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W . LRyt l=1, ., Ng

TN 0 yr > yF k=1,...,Np +1,
Lif x¥<xf j=1,...,Ny

TN xt 2 xk k=1, Ny + 1,

For any lean stream S;, it then holds that n e = M- Simi-
larly, for any rich stream R,, it holds that A!, > A!,. Binary
variables are also defined to position the streams with re-
spect to the lower bounds on their target compositions

A 1if y! < y*
PN
! 0if y! = y* k=1,...,Np +1,

1 lif x}<xf j=1,...,Ng
Tk TV i xlzxb k=1, Ny +1,

One should note that all the binary variables Ay, AL, AS,,
Nk T’],k! and 77, are fixed once the problem is spec1f1ed.
Consider now a lean stream §; and a set of substreams
S, 4> One substream for each interval in the CID, k =1,..., N,
and j=1,. 5. Stream S, exists only in the kth interval,
and may be thought of as havmg a supply composition xj"+1
and a fixed target composition x . Associated with any jth
set of substreams S, k =1,. le, is a supply composition
’, and upper and lower bounds on the stream target compo-
smon x} and x as defined above for stream S,. The load for

the stream S, in the kth interval is
Jk(’n]k njk)(x —xk”) (21)

while the load for the stream S, in the /th interval (I # k) is
zero. The kth interval load should be posmve and nonzero
for any stream S, , that has L;, >0, x> xf, and x; <xf*.
The validity of expression 21 for the various possrblc loca-
tions of §;, with respect to x; and x (see Figure 4) is estab-
lished below

M (xf<xf*') = =1, 75 =D =021 =0.

The compositions x; and xj are, by definition of the CID,
the same as one of the x compositions, and hence, cannot
be between x and Jc"+1 If x7=x" or x{ =x[", for any m,

J
x; ot x} is replaced by x

@ (xf= 5 <27 =

=(21) = Lj’k(x}‘ —xft 1).

B) (xf=xf, xj=xf)= (g% =0, 77, =0)= (21 =0.
@) (x> xf, 372 xf) = (% = 0, i = D) = @D =0.
Similarly, for any rich stream R; a set of substreams R;,,

j=1,...,Ng, k=1,..., N, is considered. Substream R, ex-
ists only in the kth interval, and may be thought of as having
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Figure 4. CID showing possible locations of the supply
and upper bound on target compositions of
stream, S;, x, and xl, respectively, with re-
spect to x,

Each interval has associated with it the substream §; .

a supply composition y* and a target composition y**!, As-
sociated with the ith rich substream set is the supply compo-
sition y/ and upper and lower bounds on the target composi-
tion y* and y/ from the stream R,. In analogy to expression
21, the rich load for stream R, , in the kth interval is
Gi,k()‘i,k - )\f,k)(yk_ykﬂ), (22)
while the load for the stream R, , in the I/th interval (I # k) is
zero. The kth interval load is positive and nonzero for any
stream R, that has G;, >0, y{ > y*, and y/ <y**'. Here,
ylis employed because the maximal span of stream R, can
be from yf to y!.
The resulting linear problem formulation is

Ny
minv= Y ¢;,L;y_ (23

j=1
s.t.

Np

S+ X G (X, = X )y = y* D
i=1

Ny
= L Ly

j=1

-, k)(x ‘ka) 8 +1=0,

k=1,...,N,, (249

le 1>Gik>0 l= "NR’k=1"“’Mnt (25)

0<L,, 1sLJk,j—l,...,NS,k=2,...,Nim (26)
G 1=G,i=1,..., Ny, 2N
AIChE Journal



MGy =G ) =0,i=1,...,Ng, k=2, N, (28)
(1= ) Ljx = Lixe)=0,j=1,...,Ng,

k=1,...,N, —1(9

Li<Ljy <L%j=1,..,Ng, (30

5,20, k=2,...,Ny, D

6, = 5Nm+1 =0, (32

For this problem, define a vector that is constituted by the
problem variables wl &L, ;- Ll N “Lyo1-

Glet GNRN ’81 : N 41 Vi

In the above formulation Egs. 24 represent the total mass
exchanged within the kth interval. In these equations, the
first term is the residual mass load delivered to the kth inter-
val from the intervals above it. The next term is the total rich
load in this interval, followed by the total lean load in the
interval, and the residual mass load forwarded to the (k + Dth
interval below the kth interval §, ;. Note that both Egs. 11
and 24 are the first law balances around each of the same
N,,, intervals.

Inequalities 25 require that the flow rate of each rich sub-
stream in the kth interval G, be less than or equal to the
flow rate of the substream due to the same stream in the
(k —th interval above it, G, . Similarly, inequalities 26
require that the flow rate of each lean substream in the (k -
Dth interval L;,_, be less than or equal to the flow rate of
the substream due to the same stream in the kth interval
below it L;,. These inequalities are required to ensure the
equivalence of the LP and the MINP (see next section).

Equations 27 set the flow rate of every rich substream in
the first interval to the value specified in the problem defini-
tion. Equations 28 state that the flow rate of the substreams
corresponding to rich stream R; and intervals above y/ are
identical, This constraint ensures the upper bound require-
ment on the target composition of R; is met, and holds only
fork=1,. m‘ +1 such that y* > y¥ since the correspond-
ing /\ —1 It is likely that some I'lCh stream R, will have
y' < y If n; is defined such that y™ = y/, constramts 28 and
27 ensure that G,=G;, k=1,...,n, Moreover, due to ex-
pression 22 the rich load in these intervals, due to R;,, is
zero.

Similarly, Egs. 29 state that the flow rates of every lean
substream corresponding to the jth lean stream and existing
in intervals below x} are identical. This constraint ensures
that the required lower bound on the target of the lean stream
is met, and it holds for x* i< x! ;- The flow rates of substreams
S;x=Sin,, fork=m;—1,.., Ny, where m; is chosen such
that x/% = x] Again due to Express;on 21 the lean load in
these intervals due to S;, is nil.

Inequalities 30 bound the lean stream flow rate L, = L,, v
based on the problem specification, such as the lean stream
availability. Inequalities 31 state the second law of thermody-
namics by requiring that the residual mass §,,, from the
kth interval can only be transferred to the interval below it.
Equation 32 states that there is neither mass load entering
the CID above interval 1, nor any mass leaving the CID from
the last interval. The total mass balance would thus be satis-
fied.

The objective function of problem 23 should involve only
the bottom-most substream (from x}), S, ,, _;, where m; is

LNS,Nim’ Gy,

AICHE Journal

defined such that x[" = x}, since it has the highest flow rate
of all substreams for §;. Due to constraints 29 and the defini-
tion of Tbk’ we have L‘ m-1=Lin.o where the latter re-
places L;,, _, in the objective

Note that for every set of lean substreams featured in
problem 23, constraint 29 forces the flow rates of the sub-
streams from the bottom-most interval above the supply com-
position to the last interval to be identical. This has been
done only to simplify the notation, since constraint 24 en-
sures that the load due to the substreams associated with S;
in intervals below x; is nil. Similarly, constraints 24 also en-
sure that the load due to the substreams associated with S; in
intervals above x,’-‘ is nil, and these substreams are included
in the formulation to simplify the notation as well.

In the next section, a theorem is proven to establish that
the optimal solution for problem 10 can lead to a feasibie
solution for problem 23, and vice versa. Hence, the nonlinear

problem has an equivalent linear formulation.

Equivalence of MINLP and LP Formulations

First, the following fact establishes that any lean stream
with a nonzero optimal flow rate in the optimum solution to
problem 10 exists at or above the top edge of the interval
whose lower edge is the supply composition of this stream.
The superscript * is employed below to indicate the optimal
value of any variable.

Fact ]. Consider an optimum solution »* for problem 10.
Any lean stream that has a nonzero optimal flow rate L} in
v* must have an optimum target composition x;* that is at
or abov= the upper edge of the interval whose lower edge is
the supply composition of this stream. Mathematically, for
every j € {1,...,Ng} that has L} >0, it holds that x* >
xi~! for every j € {1,..., N} that has L* >0, where m is
defined such that x™ = x;.

Proof, Consider j E {1,..., Ng} such that L% > 0. There
are two possibilities x] >x or x! =x]. For the first case,
since x >x; and x} and xj defme the top edges of two dif-
ferent intervals on the CID, therefore Xz x =l
For the second case, when x!= xj, to estabhsh that x’* >

x}"i‘l, assume that the optim\im target composition at the
minimum utility cost solution lies strictly in the interval whose
lower edge is the supply composition of this stream, e, xj <
x* < x]’"'_1 While keepmg all other variables in v* constant

replace x* with x! & x/»7', and L} with

% 5
X5 = X;
A 7
L, & =1L (33)
m;—1 s )
xjf xj

Since all the other stream flow rates and target compositions
are unaltered, 8%, k=1,...,m; —1 are unchanged due to this
substitution. The lean load due to S; in the (m; — Dth inter-
val of the CID is also unaltered by this change

x _

S L5 (= x)

s 0% _ 48
L (% - x7) X

— mi—1 _ S
—Lj(xj J x]).
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As no other stream flow rates or target compositions were
altered, this change does not affect §, " and therefore, &,
k=m;+1,..., N, +1 Thus, a new feas1ble point has been
obtamed for problem 10, with £)2% jCmLlmt L=

w*, since L; < L* Hence, v* was not the m1n1mum utlhty
cost solution, leading to a contradiction. OEA =

The equivalence of the two problems, Eqs. 10 and 23, is
established in the following theorem.

Theorem 1. Optimization problems 10 and 23 are equiva-
lent. Mathematically, v* = p*.

Proof. The proof is given in Appendix A.

Remark 1. One can develop an alternative LP formula-
tion for problem 23 by replacing the lean streams in problem
10 with sets of parallel lean substreams S, that have an in-
let composition x7, and an outlet composmon xj" In con-
trast, problem 23 employs sequential lean substreams that
have an inlet composition xj"*1 and an outlet composition
]" The representation of lean streams in the MINLP, LP
and this alternative formulation are shown in Figure 5.

The flow rates of these new parallel substreams L, are
related to those of the sequential substreams L, as

rx=Lix=Lis . (34)

This relation implies that the formulation in problem 23 can
itself be employed if L;, are replaced with L;,. The flow
rates L', can be calculated from w by employing Eq. 34.
Remark 2. It should also be noted that one does not need
to create substreams for all the intervals in problem 23. As
mentioned earlier, only stream inlets can be pinch point can-
didates. Hence, the LP formulation size can be decreased by
creating the substreams only across pinch point candidates,
instead of creating substreams for every interval of the CID.

x-scale Sj s
J .
O Jik-1
i A A
|
k-1
| s s
k ik
x 4o e -
il A
S
1 ik ,
jk+1
29 B B N . kil N .
X,
j l
| S
| Jk+1
k+2 1L b _L_o_._. -.
Xj s s s s s
X . X X . X, X .
J 7 J J J

Figure 5. CID showing three different representations
for stream S;.

The first stream is §; employed in the MINLP formulation,
and its target can be anywhere in the range shown as a dot-
ted line. Next is a set of sequential substreams, employed in
the LP formulation. The third representation is a set of par-
alle] substreams that may be employed in an alternative IP
formulation.
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Table 1. Stream Data for Example 1*

Rich Streams Lean Streams

G, yi v x} x} ¢
kg/s  keg/kg  ke/kg kgskg  keskg  $/kg
R 01 0045 0.02 S, 00015 0075 07

1
R, 15 0.03 0.001 S,  0.004 0.05 0.03

* .0 Lu [ —
yi =y, and x; = x}.

In the following section, the LP problem formulation is
employed to solve two case studies in hazardous waste mini-
mization. The first is based on a metal pickling plant, and the
second one is based on a plastics manufacturing plant.

Example Problems
Example 1

This problem features two rich and two lean streams. The
waste minimization task is to recover zinc chioride from the
effluent of a metal pickling plant. Details on the process have
been published by Parthasaradhy (1989); El-Halwagi and
Manousiouthakis (1990a); Lo et al., (1983); Gupta and
Manousiouthakis (1993). The data for this example are pre-
sented in Table 1. The two effluent streams from the plant
are the spent pickle liquor R;, and the rinse wastewater R,.
The lean streams are a strong-base ion-exchange resin S; and
the extraction solvent, tributyl phosphate §,. The lean stream
target compositions can vary between this supply and upper
bound compositions. The rich stream target compositions are
fixed. Linear equilibrium relations that depend only on the
solute-solvent system are considered

(51) y =0.376(x; + €) +0.0001
($2) y=0.845(x, + €)

with e = 0.0001.With these data, a composition interval dia-
gram (CID), as shown in Figure 6, is constructed.

Let us first solve the variable target MEN synthesis prob-
lem using the ranges given in Table 1. The CID drawn for
this example has seven intervals. Since the rich streams have
fixed targets (y/ = y?), constraints 28 imply that G, ;=G
=G; k=1,...,7. Stream S, is decomposed into four sub-
streams with unknown flow rates: L,,, L5, Ly, and L.
Similarly, stream S, is decomposed into four substreams with
unknown flow rates: L,,, L,3, L,4, and L, ;. The solution
involves the variables: (L, 4, Lys, L1, L1, Lys, Lo, Loy,
L,s, 83, 8,, 85, 8, 8;, vl and is: [0.503087, 0.503087,
0.503087, 0.503087, 0.102761, 0.239568, 0.239568, 0.239568,
0.0, 0.002189, 0.002009, 0.0, 0.000399, 0.35935). Since &% =
8¢ =00, the two pinch points are: y*>=0.03 and y%=
0.003465. From this solution, employing Theorem 1, the solu-
tion of the MINLP can be constructed. It is: L; = 0.503087
kg/s, L2—0239568 kg/s with a minimum utility cost of
$0.3594/s. While x{ = x¥, x5 is determined from Eq. 53: x},
0.102761 (0.05 — 0.035403),/0.239568 + 0.035403 = 0. 04166
kg/kg, and is less than x4 = 0.05 kg/kg.

To compare the savings due to variable targets, the fixed
target problem is solved by forcing the outlet compositions of
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Figure 6. CID diagram for example 1 (not to scale).

Streams §, and §, have been replaced by their correspond-
ing substreams.

the lean streams to be at their upper bound. This optimiza-
tion program has the solution L;=0.5615 kg/s and L, =
0.1028 kg/s. Notice that if stream S, is forced to exit at x5 =
0.05, the maximum feasible flow rate for S, is 0.1028 kg/s.
This stream is the cheaper of the two, but it cannot be used
to accommodate the entire rich load. Hence, the utility cost
for the fixed target problem at $0.396/s is not the lowest that
can be obtained for this network. The result for the variable
target problem shows that §; is used only to render the mass
exchange from the lowest rich intervals (intervals 6 and 7 on
the CID) feasible. Once this §, is utilized for its entire
mass-exchange capacity, the remaining rich load is removed
by the cheaper solvent §,. This accounts for the 9.2% savings
in the utility cost obtained with variable targets on the stream
outlet compositions.

The MINLP formulation for the variable target problem
was convexified and solved as a series of convex NLPs em-
ploying the algorithm outlined in Gupta and Manousiouthakis
(1993). A standard nonlinear solver MINOS (Murtagh and
Saunders, 1987) was used to solve the convex NLPs for the
MINLP formulation. The MINLP was solved in approxi-
mately 90 s of CPU time on an Apollo 10000. The linear
program proposed here was solved with the same nonlinear

solver MINOS in only 0.4 CPU s, underscoring the computa-
tional advantage of an LP. The larger the MEN synthesis
problem, the more the time savings will be for the LP formu-
lation.

Example 2

Acrolein is a polar-organic pollutant listed on the Priority
Pollutants list of the U.S. Environmental Protection Agency
(Wise and Fahrenthold, 1981). Acrolein is manufactured from
propylene in petrochemical plants. It is utilized as a monomer
for the manufacture of acrylic resins (latex), allyl alcohol, and
methylethyl ketone. Water is contaminated with acrolein in
these plants because it is either a reaction byproduct, or is
required for mass-exchange operations, or is used for heating
(steam) and cooling (Joshi, 1983). Thus, wastewaters from
such petrochemical plants that manufacture acrolein, acrylic
resins, alkyd resins, allyl alcohol, methylethyl ketone, and vinyl
acetate would contain acrolein (Wise and Fahrenthold, 1981).

The design task is to remove acrolein from the wastewater
effluents of a plastics synthesis plant.

The various rich and lean streams are:

R;: Acrolein containing wastewater
R, Acrolein containing wastewater
S,: Methyl Iscbutyl Ketone

S,: Butyl Acetate

S;: Toluene

S,: Wastewater with no acrolein.

The data for this example are presented in Table 2.
Linear equilibrium relations, independent of the solute-
solvent system are employed (Joshi et al.,” 1984)

(S1)  y=02041(x,+€)
(52)  y=03846(x, + )
($3) y=10.4545(x; + €)
(89 y=10x,

with € =1.0x 1077 kg/kg. Relation $4 involves identical sol-
vents, i.e., wastewater, hence is equivalent to y = x,. Further
details on the equilibrium relations and possible lean solvents
that can be used for this separation task are available (Joshi,
1983; Joshi et al., 1984).

A composition interval diagram (CID) is constructed from
the above data, and is shown in Figure 7. There are ten inter-
vals in the CID. The rich streams have fixed target composi-
tions.

Table 2. Stream Data for Effluent Streams in a Typical Acrolein Plant and for Available MSAs™

Rich Streams

Lean Streams

G v v € L; x} x}
kg/s kg/kg kg/kg $/kg kg/s kg/kg kg/kg
R, 14.805 0.0002 0.000002 S 0.061 — 0.000005 0.0085
R, 6.75 0.0018 0.000005 S, 0.05 — 0.000001 0.000975
S; 0.019 — 0.00002 0.0002
S 0.0 68.0 0.0 0.000005

*S,, §, and S; are methyl isobutyl ketone, butyl acetate and toluene, respectively; S, is a wastewater stream that is free of acrolein. Here, yl=y¥ and

I xf
x}-—x}.
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Figure 7. CID diagram for example 2 (not to scale).

The lean streams have been replaced by their corresponding
substreams, and are not shown themselves.

Consider, first the variable target MEN synthesis problem.
The problem formulation (problem 23) is

min v = 0.061L, 5 +0.05L,4+0.019L; 5 (35)

s.t.
6.75Ay' — 8,=0, (36)
43962%x 1074 +6.75Ay% — L, ,Ax — 8;,=0, (37)
8; +6.75Ay% — L, ;Ax3 — Ly ,Ax3 ~ §,=0, (38)
8, +(14.805+6.75)Ay* — L, 4Ax} — L, JAx3 — 85=0, (39)
85 +21.555Ay% — Ly sAx] — L, sAx3 — Ly sAx3 — 8,=0, (40)
8 +21.555Ay° — Ly (Ax$ — L, Ax§ — 8,=0, (41)
5, +14.805Ay" — L, ;Ax] — Ly ,Ax) — Ly ,Ax; — 83=0, (42)
85— Ly gAx$ — LygAxs— Ly gAxi—8,=0, (43)
89— LygAxy — LygAxy—8y=0, (44)
81— Ly10Ax"=0, (45
O0<Li,<LigsLiy<Lis<Lig<L;;<Lyg, (46)
0<L,3<Lyy<L,s<Lyg<Ly;<Ly5<L,, 47N
0<L,;<Lyg<L;o<L,;;<680, (48)
5,20, k=2,...,10, (49)

where, for clarity, variables that are not free have not been
shown, and some terms have been replaced by the defini-
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Table 3. Variable Values for the Optimal Solution of

Example 2
Variable  Value  Variable Value Variable Value

¥, 1436134 L3, 0.0 by 4.3962x 1074
LYy, 1436134 L%, 0.0 8% 5.0131x10°°
¥, 4008610 L%, 0.0 8 0.0
LY, 4008610 L%, 0.0 8 2.0879x10~*
LYo 4008610 L%, 0.0 & 3.6543x107*
LY, 4008610 L%, 68.0 82 3.7334x107¢
L¥e 4008610 L%, 68.0 8 1.5484x 1074
LYy 00 LYo 68.0 55 7.0782%x 1073

¥, 00 Lk 68.0 8  2.8768x107°
LYy 00 v* 0.24452519

tions: Ax¥ 2 xf—xf*! and Ay* = y* — y**1, all of which
are known quantities.

The optimal solution for this case study is shown in Table
3. With this solution, following the procedure in Theorem 1,
a solution to problem 10 can be constructed. This minimum
utility cost solution employs two of the four possible lean
streams, S, with a flow rate of 4.0086 kg/s and 5, with a flow
rate of 68.0 kg/s. The wastewater stream S,, available free of
cost and existing in the low concentration range, is used to its
maximum availability. The remaining rich load is taken up by
methyl isobutyl ketone, which has the cheapest cost per unit
of rich load absorbed since its allowable composition range
spans three orders of magnitude. The maximum rich load ex-
ists in intervals where both R; and R, coexist, which occurs
at y*=y3=0.0002. Since the rich load in intervals 1-3 is
iesser, the optimal flow rates of substreams L%, =L};=
1.436134 < L% , = L% ;. Moreover, the transition takes place
at y*, which is the only pinch point in the solution (&; = 0.0).
Hence, the actual exit composition x] is calculated to be
x} = 1.436134(0.0085 — 0.000979812),/4.008610 + 0.000979812
=.003674 kg/kg. The minimum utility cost for the MEN is
$0.2445/s.

Let us now consider the fixed target MEN synthesis prob-
lem for this example. When the target compositions of the
lean stream are kept fixed at their upper bounds, the mini-
mum utility cost is $0.3523/5, and features three streams in
the solution, with the flow rates: L% =1.4361 kg/s, L% =
13.9316 kg /s, and L% = 68.0 kg/s. The pinch point is still at
the supply composition of R;. The flow rate of S, here is
identical to the flow rate of S, , above, and establishes that
the lower rich load above the pinch, in intervals 1-3, deter-
mines the maximum usage of §; in the fixed target situation.
By allowing a higher flow rate of S, variable target composi-
tions decrease the utility cost of the MEN by 30.6%.

Conclusions

The variable target mass-exchange network synthesis prob-
lem has been studied. In this problem, the target composi-
tions of the streams, with respect to a single key component,
are allowed to vary between upper and lower bounds. Many
industrial MEN synthesis problems, such as in waste mini-
mization, have a problem definition with variable targets. By
reducing from their upper bounds, the outlet compositions of
some lean streams, one may increase their feasibility for the
overall MEN, and hence increase their mass-exchange capac-
ity. This leads to a reduction in the minimum utility cost of
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the network. It may also allow greater recovery from the rich
streams at no additional cost.

A novel linear programming formulation has been pro-
posed to determine the minimum utility cost of a variable
target MEN problem. An MINLP formulation is also pro-
posed which is shown equivalent to the LP formulation.

It is also established that the equivalent MINLP and LP
formulations have solutions that can be derived from one an-
other. This result establishes that the MINLP can be solved
as an LP, thus making it possible to synthesize MENSs of in-
dustrial relevance involving several streams with variable tar-
gets.

Two hazardous waste minimization case studies are solved
to illustrate the savings obtainable by having variable target
compositions on the lean streams. These examples demon-
strate that the linear program solution can be used to deter-
mine the MINLP solution, and that savings up to 30% in the
operating cost of a mass-exchange network are possible if the
outlet compositions of lean streams are allowed to vary.

It must also be pointed out that by simple analogy, the
problem formulation presented here can be employed to de-
termine the minimum utility (steam and cooling water, for
example) cost of a heat-exchange network (HEN) with vari-
able stream inlet and outlet temperatures. In an HEN, the
hot streams correspond to the rich streams and the cold to
the lean. There is a simple linear thermal equilibrium rela-
tionship T, = T + AT, ;. Inlet and outlet temperatures are
variable if the HEN is synthesized as part of an entire pro-
cess integration scheme. The formulation we have presented
can be embedded into a flowsheet optimization procedure
for determining what inlet and outlet temperatures and
stream flow rates minimize the utility consumption of the
process HEN. The implication of these results for standalone
HENS is that the utility targets should be considered variable
to obtain minimum utility consumption for the heat-exchange
task.
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Notation

a; =interval where x| lies
b; =intersection of the equilibrium line with x-axis
c; =unit cost of lean stream S, /kg

; =mass-flow rate of rich stream R, kg/s

G, , =mass-flow rate of rich substream R, ; in the kth interval, kg/s
L; =mass-flow rate of lean stream S, kg/s

L, , =mass-flow rate of lean substream S, , in the kth interval, kg/s
m; =slope of equilibrium line for lean stream S,

N, =number of intervals in the CID

Ng =number of rich streams in the network

Ng =number of lean streams in the network
p =index for pinch point candidate
x =mass fraction of key component in the lean stream, kg/kg
y =mass fraction of key component in the rich stream, kg/kg
w = problem variables for problem 23

Greek letters

8, =residual load entering interval k of the CID, kg/kg

€ =mass-transfer driving force or composition difference, kg/kg
7 =binary variable associated with lean stream S; and interval k
A;, =binary variable associated with rich stream R; and interval k

1 = objective value of problem 10

v = objective value of problem 23
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Subscripts

i =index for rich stream in the network
J =index for lean stream in the network
k =index for interval in the CID
m =index for interval in the CID
p =index for pinch point candidate

Superscripts

* =optimal solution value
k =index for interval in the CID
! =lower bound of a variable
m =index for interval in the CID
p =pinch point candidate composition value
s =supply composition value
=target composition value
u =upper bound of a variable
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Appendix: Proof of Theorem 1

pwt > v*

Let the optimal solution to problem 10 be denoted by v*
and consist of optimal lean stream flow rates L¥, the corre-
sponding outlet compositions x;*, optimal rich stream outlet
compositions y/*, optimal bmary flags associated with the
target compositions A% and 7/}, optimal residual loads &7,
and the optimal objective value u*. We now consider two
cases.

(1) If all the x/* lie at the edge of an interval, ie., for

j=1,...,Ns, x;* = x]"i, where m; € {1,..., N, +1}, and if
all the yf* also lic at the edge of an interval ie, for i=
., Ng, y¥* = y™ where m; € {1,..., N, +1}; then prob-

lem 23 has a feasible solution with (0=L;,, k=1,...,m; -1,
0<L,, = LJN =L, k=mj....Nyp; j= 1,...,NS), (G, =
G, k=1,. -1, G =0, k=m;,...,Np; i=1,...,Np),
and v= u*. Since both the problem formulations involve
identical component balances around the same intervals, the
5y from v* are identical to §, in w, Vk=1, N+ 1
Therefore, in this case v = u*, and u* > v*

(2) 1f some of the x/* or y/* do not lie at the edge of an
interval, first, for all streams whose optimal target composi-
tions lie at the edge of any interval, define substreams with
flow rates as follows:

Lean Streams. Select m; € {l,..., Ny, +1} such that x"i
=x/* thenlet(L;, =0,k=1,...,m; —1 O0<Lj,=L;y =
LY, k=m.. ,m)

Rz'ch Streams. Select m; € {1,...,
=yf*, then let (G, =G, k=1,

mt)

Then proceed as follows: select the first interval from the
top of the CID, say m, that has at least one lean or rich
optimal target composition within it, ie., x;"“ <x*<x
or ym+1 < yl < y

For every lean stream S, in the mth interval with x;
x;* <x[", define a new substream §, Sim with the inlet compo—
smon x"’+1 outlet composition x/* and flow rate

ml

int

+1} such that y™
-1, G, =0, k=

mt

m+1<

N xj{*_x}_m+l .
Lim = oot L (aD
T

In each of the remaining intervals, define new substreams
S, corresponding to stream S;, with ﬂow rates: L;, =0, k=
0,....m—1, L, =L* k= m+1 Nipy-

In an analogous fashion, for cvery rich stream that has a
target composition y/* with y™*! <y <y™ in the same
(mth) interval, define a new substream R;, with the inlet
composition y™, outlet composition y™*!, and flow rate

1338 May 1996 Vol. 42, No. 5

>
|
=
T
*

G,

im

G,. (A2)

In each of the remaining intervals, define new substreams
R;, with the flow rates: G, , =G, k=1,....m—1, G;, =0,
k=m+1,..., Ny

If constraint 24 is now written for k=1,...,m — 1, employ-
ing the G, and L;, as defined above, then §; = &;* for k =
1,...,m—1, since the same intervals and rich and lean loads
are employed in these constraints as in constraints 11 for

problem 23. In the mth interval, the lean load due to §;,,

and R;,, defined in Eqs. Al and A2, is the same as that due
to S; and R;, respectively, in constraint 11
m+1
1

(s~ ) = T L (=)

= L] m(x m+ 1)
and

"=y

G(y"—y*)= Wci(ym —y™h

=Gip(y™ =y ).

Hence, 6,,,,=98%, ..

This procedure is repeated for the next lower interval that
has any lean or rich optimal target composition within it, un-
til the last interval. Since the rich and lean loads remain un-
altered for these and perturbed intervals, and for any inter-
vals in between, the definition of the vector w is complete.
Note that due to this procedure and Fact 1, for j=1,..., N,
itholds that L; v =1L, m; = L%, where m; is the interval such
that x}=x/"" Hence v= ,u*

Thus, a feasible point has been obtained for problem 23
from v*, with

o (Lj,=0, k= =1L 0Ly =Ly, =L, k=
m;,..., Nyy,) for 1—1 NS such that x;* = x7", for some

; € {1,..., Ny +1}

O(G,k—G,,k—l -1,G;;=0,k=m, ,m)for
i=1,..., Ng such that y’* —y"" for some m; e {1 o Nim
+1}

© Ljy=0k=0,...,m—1 Ly, =L%k=m;+1,..., Ny,
and L]-’mj is

xjt_* —x;"f”
= J*
Ll,m,' x}"i—x;"fJ'lL]’
forj=1,...,Ns such that x/*! < xf* < x™, for some m; €
{1,..., Ny, +1}%
. —G k=1,..,m;~1,G,, =0, k=m,+1,..., N,
and G
m; _ e
G, = S
S y ,~_ym,-
for i=1,..., Ny such that y™*! < y/* < y™_for some m; €

a,..., mt+1}
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o 3, =87 fork=1,...,Ny +1; and

o y=y*
Since for both cases it is established that » = u*; it then holds
that p* > v*,

v >t

To prove that problem 23 is an upper bound on problem
10, let the optimal solution to problem 23 be denoted by w*,
and let it consist of optimal lean substream flow rates L7,,
optimal rich substream flow rates G} K optimal residual loads
8, and the optimal objective value v*. Again, two cases are
considered.

(1) First consider the case where all the substreams associ-
ated with a stream have an optimal flow rate in w* that is
either zero or the same nonzero value. For this case, for each
set of lean substream flow rates, due to constraints 26 and 29,
the top-most m,th substream can be identified whose opti-
mal flow rate is nonzero. If all the substreams associated with
a lean stream have a zero optimal flow rate m;= N, +1.
Similarly, for every rich substream set, identify the bottom-
most substream R;,, such that Gf, >0. Then problem 10
has a feasible solutlon with (LJ LJ N X=X, j=

SN, (G, =Gy, yl=y™H, i=1,. NR), and ,u.—v*.
Smce both the problem formulations 1nv01ve identical com-
ponent balances around the same intervals; and the loads due
to substreams §;, existing below x; and substreams R, ; ex-
isting above y; are zero, the §F from w* are identical to &,
in v, Vk € K. Therefore, in this case, v* > u*.

(2) Next, consider the case where some of the optimal flow
rates in a set of nonzero lean substreams are different. Then,
to obtain a feasible solution from problem 23 for problem 10,
replace the set of §;,, k =1,..., N;;, substreams by a stream
with inlet composition x;, a flow rate L; defined as

Lj = Lj"vNim’ (A3)
and a target composition x; defined as
Nint L*k
S 7/
xf = kz I (nfy — "Lk)(x ——xk“) A%
=m,

j:Nim

where the summation term in the righthand side of the above
definition is the cumulative load of substreams associated with
the jth stream, and m; is the interval such that the exit com-
position of the topmost S . for which L >0 is x; ™ Then,

for this m;th interval it holds that 0= L] m=1< Ly mp and

(=) (A9

Nint
= L (nf
k=m;

Since at least L}, <L% Ly N a comparison of Eq. A4 with Eq.
AS establishes that x> x

For intervals k= O —1, all the variables involved in
the component balance around the interval stay the same,
and, therefore, the residual load exiting the interval remains
unaltered, i.e., 8, ,= & ;.

Now, let x} lie in the ajth interval, i.e., x> x> x{i +1
For intervals k m, —1, the residual load leaving each

AIChE Journal

interval has been augmented by the reduction in the lean load
in that interval and in those above. Thus,

k
8k+l 6k+1+ Z L (')7]" 77]’;( i 1+1) (A6)

i=m;

Since each of LY, (n, ~ /), and (x; — x]*') are positive
quantities, 8, 2 &, ; for k=m,, -8 -—l
For interval a; s introduce

a;—1

8a]-+1=8:;+1+ Z L?k(mfk_m?k)(x}c—x}ﬁl)
7

+L’J'{al_(xj-“f—x})-(Lj )(x "/“) (A7)

From Eq. A4
Lj(xj’-—xf)

=Lj(xt_.xj”j+1)+ Z L(‘)’I/

k=a;+1

u k _ Jk+1
77/',16)("1 xf )

Nint

Z jk(njk "bk)(x "ka)

a;—1

=k2 Lﬁk(m{k_njlfk)(xjk—x;c+1)+L7,aj(x,'aj_th') (A8)
—m,

mt

NEE i R VIR IS T PR A
=a;+1
(A9)
Substituting Eq. A9 in Eq. A7, it holds
Bag+1= 8;;“ + Lj(x]'- - xf)
- Z Ly k(n],

k=a;+1

n]k)(x _xk+1) Lj(x]’»—x]‘»’f“)
Since L; > L}, from Eq. A8 we have

Nias
)y L7 (e ‘W'fk)(xf‘xf“)

k=a;+1

+ L. (x ——x”f“) < Lj(xl‘- - xj)

Hence, Ba nz Ba 1

For intervals & = a;+1,..., Ny, —1, as for interval a;, let

a;—1
k
S 1 =851+ Z L;k("l]k 'ﬂjk)(x + x; +1)
k=m;
+ L5, (xp = %))~ (L= Ly, (%) —xp ™)

k
C T W ()

n=a;+1

May 1996 Vol. 42, No. 5 1339



Substitute Eq. A9

- Ljin(njs,n - nl’f,,)(xf - x;H)

k
—Li(xf—xpt )= X Ll =67 - 57

n=a;+1

Again, since

Nmt
L(xj—x)> fl_(: 1L’]'f,n(7’j°:n—7b‘fn)(x}1_x;l+l)
n=k+

k
+Lj(x]‘-—x]‘?f+1)+ Y Lj('q]f,,—-'r]j'fn)(x}'—x}'”),

n=a;+1

8k+1 = 5:—{‘-1’ fOI' k=aj+1,...,MnI -1.
For the last interval N,,,, it must hold that 8y_ ., =8y .,
= 0. Indeed, following the manipulations above, we have

a;—-1

_ E3 k k+1
Bype1= Bt t L Li(ni —mf(xf — xf)

k=ml-

13 (5 ) =1y~ 1,5 )

Ny
- Y U me (37 - 1)

n=a;+1
Substitute Eq. A9 and Eq. A8

6= 8821+ L5 - ) L, (s 57
Nint
- Z LJ('T'Js’n—T);fn)(x]"__x]n+l)

n=a;+1
s f__ SY . E_ S
—6k+1+Lj(xj xj) L](xj xj).

Therefore, it holds that 8y ., =8 .1=0.

Thus, a new set of 8§, = 8*, k=1,..., Ny,
obtained.

The entire procedure needs to be repeated for every other
lean stream that has some of the nonzero optimal flow rates
of its associated set of lean substreams different from one
another. To simplify the notation, reassign 8; « 8. Define
variables as above for the next such set of lean substreams
and so on until a new L;= L%,  and x; have been defined

+1, has been

for every lean stream that satisfies this criterion. For the re-
maining lean streams, define (L;= L%y , xj=x/", j=
1,..., Ng), where m ; is the interval index of the top-most sub-
stream whose optimal flow rate is nonzero (L’,'-‘,k =0, k=
1,...,m;—1, and Lip=L%.,>0, k= Mjy..., Nip). This
change will not alter the 8, or §;, since identical component
balances around the same intervals are involved.

Next, if any rich stream has associated with it some sub-
streams whose nonzero optimal flow rates are different, then
replace the set of R, k=1,..., N, substreams by a stream
with inlet composition y/, a flow rate G;, and a target com-
position y! defined as

m; E 3

G;
yi=yi— %, G’k(kﬁ,k—)\f,k)(yi"—y.-"“),
k=1 i1

(A10)

where the summation term in the righthand side of the above
definition is the cumulative load of substreams associated with
the ith stream, and m; is the interval such that the exit com-
position of the bottom-most R; , for which G¥, > 01is y/*1.

Following logic similar to that for the lean substreams, it
can be shown that 8§, > §F, k=1,..., N, +1. Thus, a new
set of §, > 8§, Yk € K can be obtained. The process needs
to be repeated for every other rich stream that satisfies the
above criteria. To simplify the notation, reassign 8 < §,.
Define a replacement stream, as above, for the next such set
of rich substreams, until a new G,=G;,, and y/ have been
defined as above for every rich stream following this criteria.
For the remaining rich streams, define (G, =G, ,, y/ = y/™,
i=1,...,Ng), where m, is the interval index of the bottom-
most substream whose optimal flow rate is nonzero (G} =
G, k=1,...,m;~1, and G}, =0, k=m,...,N,). This
change will not alter the §, or 8}, since identical component
balances around the same intervals are involved. Moreover,
since L; = L%y , j=1,..., Ny, then u=v* Thus, a feasible
point to problem 10 has been obtained from the optimal so-
lution of problem 23, with identical objective value. There-
fore, in this case as well, v* > u*,

Thus, a feasible point has been obtained for problem 10
from w*, with

. Lj'_‘Lj‘:.Nim for j=1,...,Ng;

® lean stream target compositions x| defined as in Eq. A4,
for j=1,...,Ng

® G;=G; fori=1,...,Ng;

e rich stream target compositions y; defined as in Eq. A10,
fori=1,...,Ng;

o 5 fork=1,...,

o u=vp*
Since for both cases, it is established that u=v*, it then
holds that v* > u* OEA. m

.t 71 defined as above; and
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